Binomial Theorem

(10.1>  =(10 + 0.1)° = 10° + 5(10)*(0.1) + 10(10)3(0.1)? + 10(10)(0.1)® + 5(10)(0.01)* + (0.1)°
= 100000 + 5000 + 100 + 1 + 0.005 + 0.00001 = 105101.00501

(2443) +(2-3) =22 +6(22(V3) +(43) |=104
0< 2-43 <1 = 0<(2-+3)'<1 = 193< (2++3) =104-(2-3) <104,

(@) (L+ax+bx?)®=[1+x(a+bx)]°=1+6x(atbx) + 15x*(a+bx) + ...

=1 + 6ax + 6bx* + 15x% (a? + 2bx + b5?) +...

=1-12X+78X° + ... a=-2, b=3.
S 1Y S 1Y
(®) T, =C(3x?) (——) =C(3)’ (——) X
2X 2
. 1\° 567
T1= isindependentof x = 18-3r=0 = r=6 o T, :C23“(—E) :E
T C8(4x)" 9- 9-r(4 1
(a) il f( X) = r(4x)= r(—lej r<5—
T CYL(4x) r r \3 7
4\ 57344 239
Greatestterm =Tg= Cﬁ(—j = =235
3 243 243
9 rn9-r
o To. CEIT om0
Tr C?,l (2X) r-1 39—r+1 r 3 r 3
Greatestterm =T, or Ts= C;23" =489888
2n)!
Coefficientof x" in (1+x)" = C? _ (n)t
n'n!
@n-1)'  (@2n-1)! 1(2n)x(2n-1)! 1(2n)!

Coefficientof x" in (1+x)™'= C**'= _ _
ni(2n-1-n)! ni(n-1)! 2 nl[nx(n-1)! 2 nin!

Result follows.

Coeff.of x™in (1+x)™" = Cch"=Ccl™ —=C™" = Coeff.of x"in (1+x)™"

(m+n)-m

B+2x=x)1+x)*=@B-x)1+x)1L+x)*=B-x) (1 +x)*= (3—x)(icf5x’j

r=0

35

c
Coeff.of x'= 3CP-CP=0 = =3 = %:3 = r=27
-r

r

C; n-r+l n+1
Cl, r




2p)! _(2p)(2p-1)..3.2.1
p'p! - p'p!

(i) If n=2p iseven, the greatest coeff.is C; ,=C’ =

_ (2|o—1)(2p—3)...5.3.1[|O(p_1)___2.1]2p _ (2p—1)(2p—3)...5.3,.12p _1:3:5--(n-1) 2%

p!p! p! 1.2.3...(”)
2

(i) 1f n=2p+1 isodd, the greatest coefficientsare Cf,,, or Cf.,,=C’" or C2}

_(2p+1)!_(2p+l)(2p—1)...5.3.l[p(p—1)...2.1.2p]_1.3.5...(2p+l)2p_ 1:3-5---n 2“7‘1
PP+t pi(p +1)! S (p+) _123“(“+€
2

fX) = (L+X)"=Co+ X+ X2+ ... + X"

£7(x) =n(L + %)™ = ¢y + 2cx +3cex? + ... + nex™?

f'(-1)=0=c;-2c, +3c3— ... +n(-1)" ¢, .

(1+X)"=Co+CiX + Cx2+ ...+ CX". and (X +1)" = cox" + CxX"t + CX"2 + L+ .
Since (1+x)*=1+x)"(x+1)"

Compare coeff. of x™" in the expansion of (1 + x)*",

n (2n)! _(2n)(2n-1)...(n—r+1)

CoCr + C1Crs1 + CoCrip + ... + CnyCr= CI1 =
' r ' T () (=) (n+r)!

Compare coeff. of x™! in the expansion of No. 10,

CoC1 + C1Cp +...+CraCh = nig c = C - (2n) _ (@n)x(2n-1)! __ 2(2n-1)!
0C1 *+ C1C2 +...+Cp1Cp = £, CCra " (+D(n-1)! (n+Dnx(n-1)(n-1)! (n+D[(n 1)
T+x)" -1

(L+X)"=Co+CX + X2+ ... + X", =C, +C,X+...4+C X"

X

nx(L+x)"" —[1+x)" =1]

2

Differentiate, we get =C, +2C,X +..+(n-1)c x"?.

X
n-1
Put x=1, n2"'-2"+1=c,+2CX+...+(n-1)c, x"?, oY re,, =1+ (n=2)2"!
r=0
n+1)! n! n! n!
@ n+1Cr=nCia= (n+Dr = [(n+D)-r]= =.C.
rf(n+1-r)! (r-DY(n-r+)! ri(n-r+1)! ri(n—r)!
(b) Replace n by 2n and r byn in (a), an+1Cn—2nCh1=2nCn ....(1)
| I | |
(4D, Cot, C.]= (e DL, @Y gy @Y o gy sn]= an ) B
ni(n+)! (n-D(n+1)! n!(n +1)! n'n!

= (3n+1) Cn 2)

U *x @), @n+1)[Cal’ = (0 + 1) {lnCnl’ ~[20Cra I}
(1 +X)?" = Co + CyX + CX° +...+ ConX?,
Put x=1, 22" = o+ Gy + CpF...t Con .1
Put x=-1, 0 =Cp—C1+Co—...+ Cop ....(2)

[(1) + 12, 22l = o+ CotCat .ot Con .



15.

16.

17.

18.

19.

20.

21.

(1 +x+ x50 =co+ cx + X% +...+ Cpox”,

Put x=1, Cop+Ci+Co+...+ Cy :310 (1)
Put x=-1, Cop—Ci+Cr—...+Cyp =1 (2)
M +(2) 39 +1 39-1
, Co+Cy+Cy+..4Cpy=—"—= C, +C, +...+Cyy = , v, =1
2 2 2
1)-(2 3°-1
@ 2( ), C,+Cy+Cs+...4+Cy = . Result follows.
(1 + %)™ = ¢ + cyX + CXP +...+ Comer ™ Put Xx=1, Co+Cy+Cp+...+ Comey =2°""1.
But Co=Come1, C1=Com, .oy Cm = Crmels 2(Co+Ci+Co+ ...+ Cp) =221 Result follows.
(y+a)'=)Cla'y"". Put y=x-a, x"=YCla"(x-a)"" = p=(C)a.
r=0 r=0

N N s LX) -1 @+ X)) (14 x)" . :

@+ "+ @ +X)™+ L+ (@ +)™ = (1+x) @+x) _(@+x) (d+x) , Geometric Progression

@+x)-1 X

Consider the x"—term on both sides, nCn + n41Cn +12Cn + ... + 14kCh = nakr1Cnat -

n n n-1 n-1 ~1... _ 1
x =Y. Pt x=1,  2=Ycr=s 2-2-ycr=y 0D (I“ D oo _cr o
r=0 =0 ) =) r

I

(n-D12" ~2)= 5 n(n-1)..(n —r+1)[(” ‘1)!}

r!

(n=-1)!

In the summation [ |
rl

} is an integer since r ranges from 1to (n-1)and also each term has a factor n.

(-1 @"-2)=[2(n-1)!] (2""*'-1) isdivisibleby n.
If n isaprimenumber, [2(n-1)!] isnotdivisbleby n. .. (2""'-1) isdivisibleby n.

@ (@+x)"(@+x)"=(L+x)"

2n
(Co+ CiX + CoXP + ... + CoX") (Co + C1X + CX° + ... + CpX") = Zcf”x'
r=0

Compare coeff. of x' —term, f(r) = CoC; + C1Cr1 + CoCrp + ... + C,Co=

(b) From (@), (1+x)*=F0)+f(1)x+f2)x*+ ...+ f(n+1)x"+ ... +f2n)x* ...(1)
Differentiate (1), (2n) (1 +x)""1 = (1) + 2f(2) x + 3f(3) x* + ...+2n)fn)x*""t  ...(2)
(1+X)"  =co+CiX+CxP+ ... + X" ..(3)

(2) x (3), Coeff.of x"termon R.H.S.=cyf(1) + 2c,f(2) + 3¢, f(3) + ... + (n+1)c, f(n+1)
Coeff.of x"termonL.H.S.=
@ @+x)"(@L+x)"=(L+x"

(nCO +,.Cix+,C, X2+ ... +.Ch X" ) (nCO X" + nC1 Xn_l + ...t nCn) =nCo+oCix+ ... + ZHCHXZ”

Compare coefficients of x*" -term, we get ~ (,:Co)* + (:C1)? +(:C2)* + ... + (:Cn)? = 2nCh .



22.

23.

24.

(0) (L-x"(1+x)*=(1-x)"

(21Co = 20CiX + 20CoX* = ... + 20Can X*) (2nCo X" + 2nCaX*™™ + ...+ 20Con)

= 3nCo = 2nCiX% + 2nCox* = .. + (-1)" 2nCr X2" + ...+ 20Con X

Compare coefficients of x*" -term, we get ~ (3nCo)? = (2nC1)* +(2nC2)? + ...— (2nCan)? = (-1)" 2Chn .
(C) (1 _ X)2n+1 (1 + X)2n+l - (1 _ X2)2n+l

(2n41C0 = 2n+1C1X + 2011CX% = .. + 20401Cane1 X1 (2041C0 X + 201 CiX* + ..+ 2041Cone1)

= 2n+1Co — 2n+1CXC + ana1Cox* = o+ 0 x X+ L+ 501 Conig X2

Compare coefficients of  x*™™* -term, we get  (2n+1Co)> = (2041C1)° +(2041C2)° + .= (2ns1C2ns1)° = 0 .
(d) (Q+X)"=,Co+nCiX+Cox2# ... +,CoX" e

Differentiate (1), n(1+X)"*=,C1+2,CoXx+3,.C3X*+ ... +n ,Cpx"* )

Since  n(1+x)"(1+x)"=n( +x)*"!, we have :
(:C1+21CoxX+3,Cax*+ ... + NCa X" D(Co X"+ Ce X" + ...+ ,Cp)

_ n-1 2n-1
=N (201Co + 201CaX + ...+ 201CraX  + L+ 201Cong X77)

Compare coefficients of  x"* -term, we get  (,C1)? +2(:C2)* + ... + N(:Cn)? = N 201Cn1=

From 21.(d)egs. (1) and (2), put x=1,weget:

nCo+nCi+,Co+...+,C,=2" e (D)

C1+2,.C, +3,C5 +...+n,C,=n2"" )

ax(l)+bx(2), a+n(@+b)+,Cya+2b)+,Csa+3b)+...+,Ch[a+nb]= 2"'(2a+nb).

1_[ X J2n+1

(@ @+ +x@A+x) 4+ LX) XA L X E (Lx) “—;((
1- 2

1+x

- (1 + X)2n+l _ X2n+1.

(b) Compare coefficients of x"—term, we get ,.Cp+ 20.1Cpt + ... +1Co = 2141Ch.

(1+X)"=nCo+nCi X +,CoXe+ ... +,.CyX"

Differentiate (1), n(1+X)"*=,C1+2,Cox+3,C3x*+ ... +n ,Cox"*
Method 1

() x X, nX(L+X)" = Cox+ 2 ,Co X+ 3,C3 X3+ ... +n 1 Cp X"

Differentiate (3), n(n - 1)x(1 +X)"2+n(L +x)"* = ;C1 + 22 ,Co X+ 32 ,Cs X2 + ... + n? ,Cpx™*

Put x=1 in(4), .Ci11%+,C2%+...+,Con’=n(n-1)2"%+n2" =2"4n?-n+2n)=n(n+1)2"2.
Method 2

Differentiate (2), n(n—1)(1 +x)"?+n(L +x)"" = (2)(1) nCo X+ (3)(2) nCs X* + ... +n(N = 1) .Co X" ....
Put x=1 in(2, n2"'=,C;+2,C,+3,Cs+... +n,Cy

Put x=1 in(5), n(nh-12"2+n2" = (2)(1).Co+B)(2):Cs+ ... +n(n-1) ,Cy

(6) + (7), using  Cy k?=k(k—1) ;Cx+ k,Cx for RHS, result follows.

M)
)

®)
(4)

®)
(6)
()



25.

26.

27.

28.

29.

30.

(L+x+x)"=ag+a;X+a X2+ ... +aunx™"
(@ Put x=1 in(1), agtar+ .. +tap=(1+1+13)"=3".
(b) Put x=-1 in(1), ag—ar+ay—as+..tay=(1-1+1)"=1.

(c) Replace x by 1/x in (1),

[1+ @/X) + @A) = ag +ay (1/X) +ap (1XP) + ... + ag, (LX)

(2) x X", (L + X+ X" = apy + @gny X + Agna X2+ ... + 39 X

Compare coefficients in (1) and (3), ax=ank , k=0,1,....,2n
or anr=amr , r=0,1,...,n

(d) @A+x+x)"Q-x+x)"= (1@ +x*+xH".
(ao+3.1X+3.2X2+ +a2nx2”) (ao—a1X+3.2X2— +a2nx2n) =agta X2+3.2X4+ +3.2nX4n

Compare coefficients of x*" on both sides, a? — a,° + > — ag°+ ... + apn’ = an .

(e) From(d)andsince ac=aumx, Wehave 2[a’—-a’+a’—as’+...+ ()" ad]+ ()" a’l=a,.

302 - 812 + a22 - 832"' +(-1)n-1 an.lz =

() From (4), since ax = ax« ,

(Bon + Aona X+ A X+ ... +aX?) (o —a X+ @ X — .. v apX™) =ag+ g X2+ a X+ L+ agx™..

M)

@
®)

(4)

(5)

Compare coefficients of ™2 = 22"V term in (5),  apap — a1as + a4 — A3As + ... + Apn-0Azn = Ans1.

(a) (1+X)m:mco+nClX+mC2X2+---+mCme. Putx =1, mCO+mC1+mC2+...+mCm=2m.
() In(@), put m=2n+1, 2aCi+20n1Cot ... + 2001Con1= 2" = 2041Co— 2041Coni1 = 27 = 2.
But, 20+1Cr = 2n+1Const-r S 2[n41Cr + oneiCot i + iG] = 22ml_2 .

— 92N
2n+1cl + 2n+1C2+ ot 2n+lCn =27-1.

nCis=nC; = Ci=1Ch7 =18=n-7 =n=25.

25x 24 x 23 27 %26
nCo  =25Cp =25C3= ——— =2300 and ,7C, = 27Cy5=27,Cy = =351
3x2x1 2x1
0% 3%, :i r & :Zn: (n—r+1):i r:ln(n+l)
a, a, a, a,, ‘o .C., ‘T Py 2

Coeff. of X' = ,C,+ 2" ,C, + 4" ,C, = (1L + 2"+ 4") C, .

dz:dp3=adg:.dg= (1+23+43)9C3_ 1+8+64 = 3 = !
3.8n3= 838 (1+2°+4°),C, 1+64+4096 4161 57

1 1
(L+X)"=Co+CiX+CxX°+ ... +CX" = I(1+x)”:f (co+clx+c2x2+...+cnx”)dx
0 0

1 c X’ c,x° c,x" 1
=|cox+ + +ot =
2 3 n+1 |0

(1+x)"
n+1




31.

32.

33.
34.
35.

36.
37.

38.

39.
40.

41.

First part is omitted.

2 (P-1P-2) .,

1+(2p—1)x+(3p—2)(p—1)%+(4p—3) Y

XZ

2!

I+[p+(p-Dx+[2p+(p-2)l(p—1)—+[3p+(p-3)]

3

(P-D(P-2) -,

{px+2 p(pz!—l)x+3 p(p—lg!(p—Z) x* +..}+{1+(p—1)x+ (p_l)z(!p_z)x2

:X{pC1+2pC2X+3pC3X2+ ...}+{1+p_1C1X+p_1C2X2+p_1C3X3+ }

= xdi(1+ XP + 1+ x) =px@+x)P T+ 1+ %) = (px + 1)1+ x)*"
X

OC+2x+2)" =2+ (2x + XA)]" = 1Co 2" + nC1 2™ (2X + X?) +1C2 2" (2% + XA)?+ ,C3 2™ (2x + XO)° + ...

Coeff. of x> —term = ,Cy 2" +,C, 2" (29) = 2" n?.

Coeff. of x°—term = ,C,2"% (2 x 2) +,C32"3 (2% =

Coefficientof the termin x> =21 and Coefficientof the termin 1/x° = 140.

a=-20, b=200

3

+(p—1)(p—2)(p—3)xs+.

(L+2x+3x3A)"= [(L+2%) +3x]"=1Co (1 +2X)" + ,C1 (1 + 2X)" (8x%) + ,Co (L + 2X)™% (3x%)? + ...
Coeff. of x* —term = ,CoCs 2* + 1C111Cs 2% 3 + ,C; 12Co 3

Coeff. of x> —term = ;ConCs 2° + 1C1n1C1 2 x 3

Coeff. of x*—term: Coeff. of x*—term=121/28 =14n°-65n-376=0 = (n-8)(14n+47)=0

n=8 (negative root is rejected)
Put x=-1, result follows.

(@+x)"=cpa"+ciax+ca" K + ..+ X"

(@a-x)"=coa" —cra"x +cra"? X’ — ... + (-1)"cxX".
2s;=(@+x)"+(@-x)" e (D),
[(M+@1/2, si+s;=(@+x) U <) I

(3) x (4), 17— = (@ =) :
Q+X)"= @A +x)° @A +x)" = (1 +2x+x) (1 +x)"?
Compare coeff. of x' —term,

Sameas 20 (a).

2s,=(a+x)"-(@a-x)"

[(D)-@)]/2,

D) x(2), 4s15=(@+x)"-(@-x™

B+ 2x=x)A+)* =B -x) A +x)L +x)* =B -x)1 +x)*.
Coeff.of X' —term = 335C1—3sCr=0, 1<r<35.

L=-x+x)"=ag+ax+a, X+ ... Q)
Put x=1 in(1), a+a+ta+.. =1.

Consider (x+1)* (1 —x +x%)*= (1 +x3)*

Compare coeff. of X" —term, agCo + a;Cy + aCp + ...

(x+ 1) = + e oM P L

nCr = naCr + 2(52Cr-1) + n2Crz .

S-S, =(a—

5 335Cr1=3Cr =

x)"

r=6.

@
(4)

)



42, (1+xPL-x)P= {HZPX*%X +..}{1—px+%xz+..}

Coeff. of x=coeff.of x* = p=-p°+p(2p-1)+ p(pz 1)

43. Let a= 3/3 ,b=5 Then I+F= (3V3+5)  =(a+b)™".

0< 3V3-5 <1 = 0<G= (33-5/" =(a—b)™* <1.
(a+b)y™ =a*"+,  Ca*b+,,,C,a*""b*+...4,,,, C, ,b*"™ o ()
(a—-b)*™ =a*"*—,  Ca®*b+,,,C,a*"b’*-..—,,, C,. b . 2
(a+b)*™ —(a—b)*™ contains even powersof a and is an integer.
I+F-G isaninteger. But | isaninteger. .. F-G isan integer.
Since 0<F G<1. L~ F-G=0 s F=G.

F(1+F) = G(l +F) =(a+ b)2n+1(a_ b)2n+1 =( )2n+l [(3\/—) ]Z = g2l

44. (a) iarxrs(l+x+...+xm)n U ()

(i) Put x=1 in (1), i(';\,:(mﬁtl)n

1,when miseven
0 ,when misodd

(i) Put x=-1 in (1), i(—l)'a,=[1—1+---+(—1)n]={

mn m+l 4\
(iii) Put x=2 in (1), 22fa,=(1+2+...+2m)”=(22 llj =(2m 1)
(b) Differentiate (1), ira,xr’lsn(1+x+...+xm)”71(1+2x+3x2+...+mxm’1) U )
r=0

o m(m +1) 1

Put x=1 in (2), Zra =n(m+1)" 2mn(m+1)

mniar:2§rar
r=0 r=0
(c) When m iseven, m=2p.
Zm:(—l)rr=—1+2—3+4—...+2p=(—1+2)+(—3+4)+...+[—(2p—1)+2p]=ng
r=1
When m isodd, m=2p+1.

i(—l)’r:—1+2—3+4—...—(2p+1):(—1+2)+(—3+4)+...+[—(2p—1)+2p]—(2p+1)

=|0—(2|0+1)=—|o—1=—m+1
2
Pit x=-1 in (2), i(—l)r’lrar=n[1—l+...+(—1)m]”’l {i(—l)rr}

r=1

m mn ,if m iseven
2) (-D'ra. = '
Z_ll( ). {0 ,if m isodd.




45. ,Ci1=n1Cr + 11Crat. omitted — bookwork.

nCr = 1Cy +11Cra
n-1Cra =n2C1 +n2Cr
n2Cr2 =p3C2  +n3Crs
nr+1C1 =12C1 102G

Adding all equalities and cancel terms, put n+2Co to nr1Co. Result follows.

46. ,C;=,1C1 +,1C,. omitted — bookwork.

. 1
P(n) . quan—w:
q=0 2
B 1 _ .
For P(0), LHS. = ,C, > =1 =R.H.S. - P(1) istrue.
£ 1
Assume P(k) istrue forsome keN,ie. > ,.C, e =1 e ()
q=0
K+1 1 1 K+1 1 1 1 k+1 1 k+1 1
s= ;mhch 2k+1+q =F+§(k+ch+k+chfl)2kﬂ+q =F+quﬂ: k+qu 2k+q +qZ:1: k+q Cq—l 2k+1+q
1 1 k+1 1 1 k
= 2k+l +E|:qZO k+q Cq 2k+q - 2k +2k+l k+l 22k+l:|+qzo k+q+1 q 2k+q+2

1 1 1 1
= E[l+2k+l Cra W} +E[S ~2ic Crez W} by ()

1.1 . L .
_E_,_Es, ok Ckﬂw—zkﬂ k+2 22k+2

s=1 and P(k+1) istrue.
By the Principle of Mathematical Induction, P(n)istrue ¥ n e N.

47. (@) (Casel) For nx=r. If n isa positive integer, use Math. Induction to prove the assertion.
Use Ci(n+1)=C,(n)+Cri(n) tocomplete the assertion. (sum of two integers is an integer)
Also, if n=0, C/(0)=0.
(Case2) For 0<n<r, Oneofthefactor n,(n-1),....,(n-r+1) iszero. .. C(n)=0eZ.
(Case3) If ne-Z, put m=-n,

n(n-1)..(n-r+1) _ (-m)(-m-1)...(-m-r+1) (1) m(m+1)(m+2)...(m+r-1)
r r! r!

C.(n)=
=(-1)"C, (m+r-1) whichisan integer by Case 1.

(b) deg[p(X)]=k, deg[Ci(x)]=i where 0<i<k.

By division algorithm, we can get



48.

49.

(©

(b)

(©

(@)

(b)

pPX) = b C(X) + (X , deg [n(x)] = k-1 <deg [Ci(X)] = k
() = bra Cu(X) + ea®) deg [rca(X)] =k -2
ra(x) = by Cy(x) + ry(x) ) deg [ri(x)] =0
nx) = boCo(x)
Adding all equalities, p(X) = bkCx(X) + bx-1Cx-1(X) + ... + boCo(X) e (D

Now, p(0)= byCo(0) e Z since by, Co(X) € Z.
p(1) = by Ci(1) +boCo(l) € Z since by, Ci(1), by, Co(l) € Z.
Similarly, p(2) =b, C1(2) + by Co(2) + by Co(2) € Z.
Continue in thisway, all by’s in (1) are integers.
Similarto (b), instead of Z,weuse Q,wecanshowthat bje Q.
By (1), all coefficients of p(x) are rationals.
Sameas 21.(a).

o) ik _Nn-2)n=2)...{n - k+1)ik = i(l—lj(l—g)...(l—ﬂj <1 since all factors in brackets < 1
n k! n® k! n n n k!

1) . 1 L— 1 1 1 1 1 1 ; :
1+—| = C,— < —=1+1l+—+—+. +—<1+l+—+—+...+— (G t
(+ j Z — )Z . + +2!+3!+ +n!< + +2+22+ +2n (Geometric series)

If m-p>p, G(m m-p)

C@A=xMEA-X") L@ XTPT A XP)A =X)L (- X)) (- xT) (LX) (=X
A=) =X) (1= XP) (L= X" (L= X" (L= X)) (1=X)(1=X2)..(1—X")

=G(m, p)

If m-p<p,wemayput m-p=q. Then p=m-q anditfollowsthat m-qg>q. From above,
G(m, m-p)=G(m, q) =G(m, m-q)=G(m,p).
i G(mp+l)-G(m-1,p+1)

C@=xMEA=X") @) (@=xT)E =X)L (=X
(1= X)(L=X2)... (1= X" (1-x)(1-x%)...—x"")

_ ym)_ (1 _ymp-1 ](1_Xm)(1_xm71)"'(l_Xmip): m-p-1(1 _ P+l _
[2-x")—(@-x™")] R (L-x**)6(m-1,p)

1-xP*
=x""P1Gm-1,p).
(i) From (b)(i),weget: G, p+1)=G(-1,p+1)+x"P1G(n-1,p).

Putting p+1,p+2,....m for n,
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(©

(@)
(b)

G(p+1,p+1) =G(p,p) +G(p,p+1)
G(p+2,p+1) =xG(p+1,p) +G(p+1p+1)

Gp+3,p+1) =xG(p+2,0p) +G(p+2,p+1)

G(m,p+1) =x"PrGMm-1,p)+Gm-1,p+1)
Adding all these equalities, we have :
GMm,p+1)  =G@E P +GE p+1)+XGP+1,p)+X*GP+2,p)+...+Xx" P Gm-1,p)
But G(p,p+1)=0,result follows.

1_0
X:O

For p=1, if m=0, then G(m,p)=G(0,1)=

1-x"

If m>1, then G(m,p)= =14+ X+X2 X"

Thus, when p=1, G(m,p) isapolynomialin x foranyinteger m=>p-1.

Assume that G(m, p) isapolynomialin x forany m >p-1.

Thuswhen m >p-1, G(p,p),G(p+1p),GpP+27p),..,Gm-1p) areallpolynomialsin x.
Therefore by (b) (i), G(m, p +1) isalsoa polynomialin x.

Moreover, we have shown that G(p, p+1) isapolynomialin x for any positive integer m=>p.

So, by the Principle of Induction, G(m, p) isapolynomialin x forany m,pe N, m>p-1.

(&) = (& —a1) (ai—az) ...(a — ai-1) (@ — is1) ... (8 — an)

0] ™)
g(a) =Ai (@i —a1) (@i —a2) ...(a — ai1) (@ — 1) ... —a) =A F'(@) .
_ 9@&)
@)

(i) If deg[g(x)]<n-1,thecoefficientof x" of g(x) =0 andso ZAi:O.

i=1

(iii) Let g(x)=x" where m<n-2. Then f(X)=(x-1)(x-2)...(x=n).
i) =(i-1) ... [i-(-D][i-@+1)..@1-n=(i-D! (n=i) (D).

. . i i 3
By (). 2D T
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